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1 Convection and radiation at the faces of a wall

In the preceding report in this series, Ref. [1], we determined the heat fluxes at the inside and outside
surfaces of a composite wall when a sinusoidal temperature variation is applied to one surface and the
temperature on the other surface is held constant. For applications to buildings, we must also consider
the convective and radiant heat exchange at the surfaces.

The convection heat transfer coefficient on the outside surface of the wall, x = 0, is denoted by A, and
the coefficient on the inside surface, x = L, is denoted by #;, as shown in Figure 1. The time-varying air

temperatures on the two sides are denoted by 84,(t) and 8¢;(t) and the time-varying net radiant heat
gains on the two sides are denoted by qr0(t) and g-i(t).

Figure 1 Slab with boundary layers

Boundary layer —_| Wall | Boundary layer

ho h;

Bao(t) 6(0, t) O(L, t) 0ai(t)

Gld) o | |90 a@ ol [y 4

1.1 Outside surface

The time-varying heat flux q(0, t) [W m~2] into the outside surface is

q(0,8) = ho[6ao (1) — (0, 0] + g, (&)  (1.1)

We can regard the boundary layer on the surface as a slab. Since the slab has negligible thermal capacity,
the heat flux into the slab must be the same as the heat flux leaving the slab, so

q.(t) = q(0,8) (1.2)

Rearranging (1.1) so that the wall surface temperature is on the left-hand side gives

1 1
6(0,t) = Ba0 () + h_Qro(t) - h_Q(O: t) (1.3)

In (1.3) the outside air temperature and the net absorbed radiant heat term can be combined and denoted
by the sol-air temperature 6.,(t). Thus:

1
6(0,6) = 6.(0) =5-q(0,0)  (14)
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The Laplace transform of the heat flux equation (1.2) is

Qo(s) =Q(0,s) (1.5)

and the Laplace transform of the temperature equation (1.4) is

1
0(0,5) = Ogo(s) — h—Q(O, s) (1.6)
o
We can write (1.5) and (1.6) in matrix form, as follows:

aeo(s>] [t h] [9(0’ S)] 1.7)

Q,()] "o 1 1Q(,s)

We now have an equation for the heat flux in terms of the Laplace domain variable s. We shall now
assume that the temperature excitation @.,(s) is sinusoidal with angular frequency w|[rad s-1]. Equation

(1.7) is just as valid if we replace s with jw where j = v/—1. Equation (1.7) becomes

Qeo(j ) 0 @(0, 1 )
Qo(]::))] - [é 1/1h ] [Q(O,j(:)) (1.8)

The sol-air temperature is sinusoidal, so
Opo (jw) = Ao sin(wt) = Im(A,,e/®t)  (1.9)
where A, is the amplitude of the sol-air temperature and Im means “the imaginary part of”.
If we replace O.(jw) in (1.8) with Ae, then (1.8) becomes
- L) oo
where Ao , Q, and Q(0) are complex constants. In (1.10) A., is used as a reference temperature and the
phases of all the other quantities are determined with respect to the sol-air temperature A, sin(wt). If
we put Ao = 0 in (1.10) then
Qo = Q(0) = hoAe
SO
4o (t) = Qp sin(wt) = hyA,, sin(wt) = hyIm(Ag,e/®t)  (1.11)
and

q(0,t) = Q(0) sin(wt) = hyAg, sin(wt) = hylm(A,,e/®t)  (1.12)
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1.2 Inside surface

From Figure 1, the time-varying heat flux q(L, t) out of the inside surface is

q(L,t) = hi[6(L,t) — 64 ()] — s (t)  (1.13)

Again, we can regard the boundary layer on the surface as a slab. Since the slab has negligible thermal
capacity, the heat flux into the slab must be the same as the heat flux leaving the slab, so

q;(t) = q(L,t) (1.14)

Rearranging (1.13) so that the wall surface temperature is on the left-hand side gives

O(L0) = 00 (0) 4 -4+ 7-a (L) (115)

In (1.15) the indoor temperature and the net absorbed radiant heat term can be combined and denoted
by the environmental temperature 0.(t). Thus:

1

O(L,t) = 0,;(t) + h

q(L,t) (1.16)

The Laplace transform of the heat flux equation (1.14) is

Qi(s) =Q,s) (1.17)

and the Laplace transform of the temperature equation (1.16) is
1
O(L,s) = Oci(s) +-Q(L,s)  (1.18)
i

We can write (1.17) and (1.18) in matrix form, as follows:

o(L,s) i1[Oei(s)
[Q(L, §>] N [(1) 1/1h | [Qi(;) (1.19)

We now have an equation for the heat flux in terms of the Laplace domain variable s. We shall now
assume that the temperature excitation @.,(s) is sinusoidal with angular frequency w|[rad s-1]. Equation
(1.19) is just as valid if we replace s with jw where j = v—1. Equation (1.18) becomes

Q(L,jw)]z[l Uhi) [BeiUe)] (4 50)

Qljw)l 1o 1 He(w)
The temperature on the inside surface is sinusoidal, so
O(L,jw) = A sin(wt) = Im(A,e/®t)  (1.21)
where A is the amplitude of the inside surface temperature and Im means “the imaginary part of”.

If we replace O(L, jw) in (1.20) with A, then (1.20) becomes

[Qf&) = (1) 1/1hi] [/(126;] (1.22)
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where Ae; , Qi and Q(L) are complex constants. In (1.22) A; is used as a reference temperature and the
phases of all the other quantities are determined with respect to the inside surface temperature
A; sin(wt). If we put Ae; = 0 in (1.22) then

Qi =0QW) =hA,
50
q;(t) = Q; sin(wt) = h;A; sin(wt) = hIm(4,e/°)  (1.23)
and

q(L,t) = Q(L) sin(wt) = h;A; sin(wt) = h;Im(A4,e/*")  (1.24)

1.3 Complex transmission matrix for a composite wall

A composite wall consists of n slabs of different materials in parallel. In the previous report in this
series, Ref. [1], we showed that for a composite wall,

sinh M, sinh M, |
[ Ay cosh M, cosh M,
= N, N,
Q(0) . :
N;sinhM; coshM;||N;sinhM, coshM,|
WM sinhM,,_4 h M sinh M, 4
cos _ —— || cos
n-l N,y n N, Q(z) (1.25)

N,_;sinhM,,_; coshM,_;]||N,sinhM, coshM,
The thickness L of the composite slab is
n
L = z li
i=1
where [; is the thickness of the ith slab. We must calculate M1, M, ..., Mn—1, My and N1, N2, ..., Nn—1,

N, before we can calculate the elements in the matrices and carry out the matrix multiplication.

We can regard the boundary layers as additional slabs. The heat output from one slab becomes the input
to the next slab, so we can add the extra slabs to the beginning and the end of the sequence in (1.25):

sinh M, sinh M,
[Aeo] _ [1 1/h,]| coshM; cosh M, N
Qo 0 1 ! z

N; sinhM; coshM;||N,sinhM, coshM,

h M sinh M, _4 hM sinh M,
cos _ —— || cos
n-1 N,_, n N

n
N,_;sinhM,,_; coshM,_;||N, sinhM, coshM,

o le] a
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Once we have carried out the matrix multiplications, we can write (1.26) in the compact form
[o]= 2lle] a
The square matrix in (1.27) is the complex transmission matrix for a composite wall with boundary
layers on the outside and inside surfaces.
To apply (1.27) to the heating of buildings, we assume that the sol-air temperature variation is
Beo(t) = Agosin(wt) = Im(A,oe/®t)  (1.28)

where Ae, is the amplitude of the sol-air temperature and Im means “the imaginary part of”’. The
amplitude of the environmental temperature A, is set to zero. Eq. (1.27) reduces to

o)=L zlle] a2
From (1.29) we obtain:
Aeo = 230;
and
Qo = 240;

From these two equations we obtain

A
Q =—> (1.30)
Z3

and

Z4
Qo =Aco— (1.31)
)

The instantaneous heat flux on the indoor side is
_ jwt] — Aeo jwt
q;(t) = Im[Q;e/**| = Im Z—el (1.32)
2
and the instantaneous heat flux on the outdoor side is

00() = Im[Qe/*"] = Im 4, "o/t (133)
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2 Example 1

The composite wall in Ref. [1] now has boundary layers on the inside and outside. On the outside
surface the convection heat transfer coefficient is 25 W m—2 K-1, On the inside surface the coefficient
is 7.7 W m~2 K-1, The sol-air temperature is sinusoidal with a mean of 0°C and an amplitude of 10°C.
The peak in sol-air temperature occurs at 3:00 pm. The indoor environmental temperature is maintained
at 0°C. Calculate:

the steady thermal transmittance of the wall and boundary layers,
the transmission matrix for the wall and boundary layers,

the heat flux at the edge of the inside boundary, and

the heat flux at the edge of the outside boundary layer.

oo

(a) The steady thermal transmittance (U value) of a composite wall with n layers and a boundary layer

on each side is given by
n
1 +Z l; N 1
~he  Lik;  hy
=1

where [; and k; are the thickness and the thermal conductivity of the ith layer, respectively. Hence

Sk

+—=1.70558m?KwW1

1 1 +0'22+ 0.05 +o.o125 1
U 25 077 0.042 " 021 7.7

so Uis 0.58631 W m—2K-1.

11
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(b) From Ref. [1], p. 12, the transmission matrix for the composite wall is

B [(—4.43756 +j2.08549) (—1.95249 + j4.42465)] 21)
~ |(—47.0447 — j15.6345) (—45.3168 + j18.7316) '

The transmission matrix for the outside boundary layer is

1 1
1 — 1 — 1 0.04
[ ho] =[ 25] =, 11 @2
0 1 0 1
The transmission matrix for the inside boundary layer is
1 ! 1 ! 1 0.12987013
[ hi]=[ ﬁ]=[0 Siothd INCX
0 1 0 1
From (1.26), the transmission matrix for the wall, including the boundary layers, is

[21 zz]=[1 0_04][(—4.43756+j2.08549) (—1.95249+j4.42465)] [(1) 0.121987] (2.4)

Z3 7y 0 1 11(—47.0447 —j15.6345) (—45.3168 +;18.7316)
Multiplying the first two matrices on the right-hand side of (2.4) gives

1 0,04] (—4.43756 + j2.08549) (—1.95249 +j4.4-2465)]
0 1 11(—47.0447 —j15.6345) (—45.3168+ ;18.7316)

B [(—6.31935 +j1.46011) (—3.76516 +j5.17391)]
~ |(—47.0447 — j15.6345) (—45.3168 + j18.7316)

Multiplying this product by the third matrix on the right-hand side of (2.4) gives

[21 zz]z[(—6.31935+j1.46011) (—3.76516+j5.17391)] 1 0.12987013]
Z3  Z4 (—47.0447 — j15.6345) (—45.3168 + j18.7316)] L0 1

_ [(—6.31935 +j1.46011) (—4.58586 + j5.36354)

(—47.0447 — j15.6345) (—51.4265+ j16.7011) (25)

This is the transmission matrix for the composite wall with boundary layers.

12
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(¢) The sinusoidal variation in sol-air temperature on the outdoor side is given by (1.28):
Beo(£) = Agosin(wt + ¢) = Im(Ag,e/?t+?)
For diurnal temperature variations, the angular speed w is 2w + (60 X 60 X 24) = 2r/86400 rad s—1.

The peak in sol-air temperature occurs at 15:00, so the offset ¢ must be —2m(15 — 6)/24 = —0.757
rad. The amplitude Ae, of the temperature variation is 10°C, so (1.28) becomes

000 (t) = 10sin(wt — 0.757) = Im[10e/(@E=075]  (2.6)

Substituting the values of A., and ¢ into (1.32) gives the variation in heat flux on the indoor side:
1 . 1 w075
q;(t) = Im [Aeo—ej(“’t“l’)] =Im [10—61(“’t 7 ”)] (2.7)
) Z2
and substituting the values of 4., and ¢ into (1.33) gives the variation in heat flux at the outdoor side:

VA , Z .
q,(t) =Im [Aeo Z—4e1<wf+¢>] =Im [102—4e1(“’t‘°'75")] (2.8)
2 2

The complex number 1/z; required in (2.7) is

1
z, (—4.58586 + j5.36354)

_ (—4.58586 — j5.36354)
~ (—4.58586 + j5.36354)(—4.58586 — j5.36354)

_ —4.58586 — j5.36354
~ 4.585862 — j25.363542

_ —4.58586 — j5.36354
B 49.7977

= —0.09209 —;0.10771

The complex number 1/z; can be represented in the complex plane as shown in Figure 2. The amplitude
of 1/z; is

Amplitude = y/Re? 4+ Im? = ,/(—0.09209)2 + (—0.10771)2 = 0.14171
The phase of a complex number is measured anticlockwise from the positive Real axis. We know the
heat flux variation on the inside surface of the wall will lag the temperature variation on the outside
surface, so the phase of the heat flux variation will be negative relative to the temperature variation.

Measuring the phase in the clockwise (negative) direction from the positive Real axis gives

Phase = —2.2782 rad (= —130.5°)

13
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Figure 2 Amplitude and phase of 1/z;

0.2-
Im
0.1-
+ve Phase
Re = —0.09209
I L T 1
-0.2 —-0.1 0.1 N 0.2
A = )
> 5 _“Phase = —2.2782 rad (= —130.5°)
Qf/ —0.117‘?
,@b I
SQ\ E
S
—0.2-

We can now write 1/z; as

1
o= 0.14171[cos(—2.2782) + j sin(—2.2782)]
2

= 0.14171e77/22782  (2.9)
Substituting (2.9) into (2.7) gives the heat flux at the indoor side:
q;(t) = Im[10 x 0.14171e~/22782¢J(@t=0.75m)]
— Im[1_417lej(wt—0.757r—2.2782)]
= 1.4171sin(wt — 0.757 — 2.2782)  (2.10)

The peak heat flux on the indoor side lags the peak sol-air temperature by 2.2782 rad (= 130.5°). In
terms of hours, the lag is 24 hr x 130.5°/360° = 8.7 hr (8 hr 42 min).

14
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(d) The complex number z4/z; required in (2.8) is

z
2—4 = (—51.4265 + j16.7011)(—0.09209 — j0.10771)
2

= 4.7359 + j5.5391 — j1.5380 — j21.7989

= 6.5347 + j4.0011

The complex number zi/z; can be represented in the complex plane as shown in Figure 3. The
amplitude of z4/z; is

Amplitude = \/Re2 +Im? = \/(6.5347)2 + (4.0011)? = 7.6623
We know the heat flux variation on the outdoor side will lead the variation in sol-air temperature, so
the phase of the heat flux variation will be positive relative to the temperature variation. Measuring the
phase in the anticlockwise (positive) direction from the positive Real axis gives

Phase = 0.5494 rad (= 31.48°)

We can now write z4/z; as

Z
Z—‘* = 7.6623(cos 0.5494 + j sin 0.5494)
2

= 7.6623e/054%%  (2.11)

Figure 3 Amplitude and phase of z./z,

10 q
=
Im
2 bbq:b
< 664(\ ’
41
5 £ \-\\,\)
A— N
Phase = 0.5494 rad (= 31.48°)
+ve Phase
,Re =6.5347
I T I » 1
-0.2 5 10
-0.1 Re
—0.17
—0.2-

15
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Substituting (2.11) into (2.8) gives
qo(t) = Im[10 x 7.6623¢/0-5494¢j(@t=0.75m)]
= Im[76.623¢](@t=0.75m+05494)]

= 76.623 sin(wt — 0.75m + 0.5494) (2.12)

The peak heat flux on the outdoor side leads the peak sol-air temperature by 0.5494 rad (= 31.48°).
In terms of hours, the lead is 24 hr x 31.48°/360° = 2.099 hr (2 hr 6 min).

16



ATKINSON SCIENCE LIMITED THEORY GUIDE

3 Inverse transmission matrix

3.1 Homogeneous slab

For a homogeneous slab without boundary layers, the transmission matrix is

sinh M
[Zl 221 _ | coshM
Z3  Zg4l N
NsinhM coshM
where
M=, jow/alL
and

N =kjw/a

The determinant of the transmission matrix is coshzM — sinh2M = 1, so the inverse transmission matrix
is given by

sinh(M)

N 3.1

[Zl Zz]: cosh(M) —
—Nsinh(M) cosh(M)

Zy
3.2 Composite wall

For a composite wall made up of n slabs, we can use matrix multiplication to obtain the inverse
transmission matrix:

inh(M. inh(M,,_
[Zl Zz]_ cosh(M,,) _M cosh(M,,_;) _M
Zs Z4| = Nn Ny
—N,, sinh(M,,) cosh(M,,) ||—N, sinh(M,,) cosh(M,,)
sinh(M,) sinh(M;)
cosh(M,) _N—z cosh(M,) _N—1 (3.2)

—N, sinh(M,) cosh(M,) ||—N; sinh(M;) cosh(M;)
Note that we have used the rule (AB)™* = B~2A™1 in (3.2), where A and B are square matrices. We

must calculate My, M>, ..., Mn—1, My and N1, N2, ..., No—1, N, before we can calculate the elements in
the matrices and carry out the matrix multiplication.

17
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3.3 Convection and radiation at the surfaces

The inverse of Eq. (1.10) is
Aol _11 —1/h, [Aeo]
o) =0~ e
and the inverse of Eq. (1.22) is

SR AN

To account for convection and radiation, we add (3.3) and (3.4) to the end and to the beginning of the
sequence in (3.2):

sinh(M sinh(M,,_
Aei] _ [1 —1/h; cosh(M,,) —# cosh(M,_;) —%
| T n n
@ 0 1 —N, sinh(M,,) cosh(M,,) ||—N, sinh(M,) cosh(M,,)
sinh(M,) sinh(M,)
cosh(M,) - cosh(M,) ————|[1 —1/hy1[Aeo c
N, m |l e 6
]

—N, sinh(M,) cosh(M;) ||—N;sinh(M;) cosh(M,)

After multiplying the matrices, we can write (3.5) as:

51=12 Zlle] ee

To apply (3.6) to the heating of buildings, we assume that the inside environmental temperature is
0.:(t) = Ag; sin(wt) = Im(A,e/°)  (3.7)

where A.; is the amplitude of the environmental temperature and Im means “the imaginary part of”. If
the sol-air temperature is maintained at zero so Ae, = 0, then (3.6) reduces to

o=z Zllel]

= 3.8

o]z zllo] c®

where Q; and @, are complex constants. In (3.8), Ae; is used as a reference temperature and the phases

of the other quantities are determined with respect to the environmental temperature 8.;(t) given by
3.7.

On the outdoor side the variation in heat flux is

. 1 .
qo(t) = Im[Q,e/®*| = Im [Aeiz—elwt] (3.9)
2
and on the indoor side the variation in heat flux is

qi(t) = Im[Q;e/**] = Im [Aei%ejwt] (3.10)

18
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4 Example 2

For the composite wall in Example 1, the environmental temperature is sinusoidal with a mean of 0°C
and an amplitude of 5°C. The peak in environmental temperature occurs at 12:00 noon. The sol-air
temperature is constant at 0°C. Calculate the heat flux (a) at the edge of the outside boundary, and (b)
at the edge of the inside boundary layer.

(a) From Example 1, the complex transmission matrix for the composite wall with boundary layers is

3 [zl 22] B [(—6.31935 +j1.46011) (—4.58586 + j5.36354)
2% |zs 2zl T [(—47.0447 - j15.6345) (—51.4265 + j16.7011)

The inverse of this matrix is

7= [Zl Zz] _ [(—51.4321 +j16.6913) (4.58715 — j5.36282) ]

Zs Zy (47.0435 + j15.6448) (—6.31991 + j1.45887)
The sinusoidal temperature variation on the indoor side is given by (3.7):
i () = Agi sin(wt + @) = Im(Aye/ @)

The peak in temperature occurs at 12:00, so the offset ¢ must be —2m(12 — 6)/24 = —0.57 rad. The
amplitude A.; of the temperature variation is 5°C, so (3.7) becomes

0.;(t) = 5sin(wt — 0.57) = Im[5e/(@t-05™]  (4.1)

Substituting the values of Ae; and ¢ into (3.9) gives the variation in heat flux on the outdoor side:
1 j(wt—0.5
4.(6) = Im [S—ef wt-o. ﬂ] (4.2)
Zy
and substituting the values of A.; and ¢ into (3.10) gives the variation in heat flux on the indoor side:
24 j(wt-05
g,(t) = Im [5 2 eitor-o ﬂ] (4.3)
2

The term 1/Z; required in (4.2) is

1 1

Z, 458715 — j5.36282

_ 4.58715 + j5.36282
~ (4.58715 — j5.36282)(4.58715 + j5.36282)

_ 4.58715 +j5.36282
"~ 4.587152 + 5.362822

= 0.092108 +;0.10768

19
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The complex number 1/Z can be represented in the complex plane as shown in Figure 4. The amplitude

of 1/Z, s

Amplitude = y/Re? + Im? = 1/0.0921082 + 0.107682 = 0.14170

The phase of a complex number is measured anticlockwise from the positive Real axis. We know the
heat flux variation on the outside surface of the wall will lag the temperature variation on the inside
surface, so the phase of the heat flux variation will be negative relative to the temperature variation.

Measuring the phase in the clockwise (negative) direction from the positive Real axis gives

Phase = —5.4200 rad (= —310.5°)

Figure 4 Amplitude and phase of 1/Z,

N
02938 N
~ Ny
Im (S Q*
s 7
2
I L
= S
0.14—
Y’&
+ve Phase
Re =0.092108
I T T 1
-2 -1 0.1 Re 02
Phase = —5.4200 rad (= —310.5°)
—0.1+
—0.2-

We can now write 1/Z; as

1
7= 0.14171[cos(—5.4200) + j sin(—5.4200)]
2

= 0.14171e77/54200  (4.4)

Substituting (4.4) into (4.2) gives
o(t) = Im[5 X 0.14171¢ /54200 j(wt=05m))]
= ]m[0_7085ej(wt—0.57r—5.4200)]

= 0.7085 sin(wt — 0.5m — 5.4200) (4.5)

20
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The peak heat flux of +0.7085 W m~2 on the outdoor side lags the peak environmental temperature by
5.4200 rad (= 310.5°). In terms of hours, the lag is 24 hr X 310.5°/360° = 20.7 hr (20 hr 42 min).
This is the time difference between the positive peak in 6.;(t) and the positive peak in q.(t). We would
expect a positive peak in the environmental temperature to give rise to a negative peak in heat flux on
the outdoor side, because heat flows in the negative x direction when 6.;(t) is positive. The time lag
between the negative peak in heat flux and the positive peak in temperature is 20 hr 42 min — 12 hr =
8 hr 42 min, which is much shorter.

Notice that 8 hr 42 min is the same as the time between the sol-air temperature 6.,(t) and the

corresponding heat flux on the indoor side. The amplitude term 0.14171 is also the same.

(b) The term Z4/Z> required in (4.3) is

Z
Z—4 = (—6.31991 + j1.45887)(0.092108 + j0.10768)
2

= —0.5821143 — j0.6805279 + j0.1343736 + j20.1570911
= —0.7392054 — j0.5461543

The complex number Z4/Z; can be represented in the complex plane as shown in Figure 5. The
amplitude of Z4/Z> is

Amplitude = /Re? + Im? = J(=0.73921)2 + (—0.54615)% = 0.9190806
The phase of a complex number is measured anticlockwise from the positive Real axis. We know the
heat flux variation on the inside surface of the wall will lead the temperature variation on the inside
surface, so the phase of the heat flux variation will be positive relative to the temperature variation.
Measuring the phase in the anticlockwise (positive) direction from the positive Real axis gives

Phase = 3.7779 rad (= 216.46°)

We can now write Z4/Z> as

Z
2_4 = 0.91908[cos 3.7779 + j sin 3.7779]
2

= 0.91908¢/37779  (5.16)
Substituting (5.16) into (5.13) gives
q;(t) = Im[5 x 0.91908¢/3777%¢J(wt=05m)]
— Im[4_5954ej(wt—0.5n+3.7779)]

= 4.5954sin(wt — 0.57 + 3.7779)  (5.17)
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The peak heat flux of +4.5954 W m~2 on the indoor side leads the peak environmental temperature by
3.7779 rad (=216.46°). In terms of hours, the lead is 24 hr x 216.46°/360° = 14.431 hr
(14 hr 26 min). This is the time difference between the positive peak in 6.;(t) and the positive peak in
qi(t). We would expect a positive peak in 6.;(t)to be caused by a negative peak qi(t). The time lead
between the negative peak in heat flux and the positive peak in environmental temperature is
14 hr 26 min — 12 hr = 2 hr 26 min, which is much shorter.

Figure 5 Amplitude and phase of Z./Z>
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