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1 Introduction

In the previous report in this series, Ref. [1], we derived the complex transmission matrix and the inverse
complex transmission matrix for a composite wall with a boundary layer on each side. We showed how
the two matrices can be used to determine the net heat flux through each side of the wall when the
sol-air temperature and the environmental temperature are fluctuating sinusoidally. Figure 1
summarises the calculation method. We use the superposition principle to add the heat fluxes calculated
when the sol-air temperature is fluctuating sinusoidally and the environmental temperature is constant
to the heat fluxes calculated when environmental temperature is fluctuating sinusoidally and the sol-air
temperature is constant. z; and z4 are elements of the transmission matrix and Z» and Z, are elements
of the inverse transmission matrix.

Figure 1 Superposition principle used to calculate the heat fluxes through a wall
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Boundary layer—_| | _Boundary layer
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In this report we shall review how the two matrices are used calculate the heat fluxes on the two sides
of a composite wall with boundary layers. Then we shall introduce some dynamic thermal parameters
associated with the matrices.
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2 Transmission matrix

To apply the transmission matrix to the heating of buildings, we assume that the variation in the sol-air
temperature 6.,(t) on the outdoor side of the wall is sinusoidal and the environmental temperature on
the indoor side 6.;(t) is zero:

-1 2
Ql [23 Z4] o) @V
The time-varying sol-air temperature is given by
Be0(t) = Ago sin(wt) = Im(4ge/®t)  (2.2)

where Ae, is the amplitude of the sol-air temperature and Im means “the imaginary part of”. Q, and Q;
are complex constants. In (2.1) A, is used as a reference temperature and the phases of all the other
quantities are determined with respect to the temperature G.,(t).

From (2.1) we obtain:

Ao =2,Q;  (2.3)

and

Qo =2,Q; (2.4)

From these two equations we obtain

Qi=— (2.5)
and

Qo =Aco— (2.6
The instantaneous heat flux through the inside surface of the wall is
— jwt] — Aeo jwt
qi(t) = Im[Qief ] =Im Z—ef (2.7)
2

and the instantaneous heat flux through the outside surface is

00() = Im[Que/*"] = Im[ A, “*e/et]  (28)



ATKINSON SCIENCE LIMITED THEORY GUIDE

The transmission matrix for a planar structure with n layers is

sinh M, sinh M,
[Z1 Zz] _ [1 1/h,1| coshM; cosh M,
z3 z4] o 1 1 N,

N; sinhM; coshM||N,sinhM, coshM,

sinh M, _ sinh M.
= n71l cosh M, z
Nn—l Nn

|Nj,—1sinh M, _; coshM,_;||[N,sinh M, coshM,

cosh My _; RATRers

where A, is the convection heat transfer coefficient on the outdoor face of the wall and A; is the
coefficient on the indoor face. The complex constants M; and N; are

M; = li\Jjo/a; (2.10)
and

N; = ki\Jjo/a; (2.11)
In M; and N;, j is the imaginary constant vV—1, w [rad s-1] is the angular frequency of the sinusoidal
variation in the sol-air temperature, k; [W m-1 K-1] is the thermal conductivity of the ith layer,

a; [m? s—1] is the thermal diffusivity of the ith layer, and /; [m] is the thickness of the ith layer.

The angular frequency w is
_A 212)
W= .

where T is the period of the fluctuations in sol-air temperature. T is 24 hours (= 86400 s), so

_ 27
“ = 86400

=7.2722%x10"%rads™t (2.13)

The thermal diffusivity of the ith layer a; is given by

(2.14)

where p; [kg m—3] and C; [] kg—1 K-1] are the density and the specific heat capacity of the ith layer,
respectively.
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3 Inverse transmission matrix
In the previous report in this series, Ref. [1], we derived the inverse transmission matrix:

Aei] Zy Zz] [ 0 ]

= 3.1

[l=1z Zlle) @

The time-varying environmental temperature is given by
0ei(t) = Agi sin(wt) = Im(4,;e/°)  (3.2)

where A.; is the amplitude of the environmental temperature and Im means “the imaginary part of”. Q;
and Q, are complex constants. In (3.1) A.; is used as a reference temperature and the phases of all the
other quantities are determined with respect to the temperature 8.;(t).

From (3.1) we obtain:

Api = Z,Q,
and
Q; = Z40Q,
From these two equations we obtain
Aei
Q= A
and
Z,
Qi = Aei 7

The instantaneous heat flux through the inside surface of the wall is

qi(t) = Im[Q;e/**] = Im [Aei%ejwt] (33)

and the instantaneous heat flux through the outside surface is

4o(t) = Im[Q,e/*] = Im [%ef‘“] (34)
2
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The inverse transmission matrix for a planar structure with n layers is

sinh M, sinh M,,_4
[21 Zz] _ [1 —1/h; cosh M, - coshM,,_, ——
Zz Z4 Mo 1 n n

—N, sinhM,, coshM, ||—N,sinhM, cosh M,

sinh M, h M sinh M, . 1/h
cos - -
N, ! N || 1/ °| 35

—N,sinhM, coshM, ||—N;sinhM; coshM; 0

cosh M, —

where the complex constants M; and N; are defined by (2.10) and (2.11), respectively.

10
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4 Net heat flux through the building envelope

We now wish to determine the net heat flux qinze: in Figure 2 in response to sinusoidal variations in the
sol-air temperature 0.,(t) and the environmental temperature 8.(t).

Figure 2 Building envelope

Wall
Outside Inside
eeo (t) eel(t)
> qi,net(t)
_— ~
Boundary layer ] Boundary layer

The contribution to ginre:(t) from the sol-air temperature 8.,(t) is given by (2.7):
— jwt] — Aeo jwt
qi(t) = Im[Qief ] =Im Z—ef (2.7)
2
and the contribution to giner from the environmental temperature 8.(t) is given by (3.3):
. Z, .
ai(®) = m[Qie] = Im |4 1| (33)
2

By virtue of the superposition principle, we can add the two contributions together to obtain the net heat
flux.

In the following sections we shall introduce some dynamic thermal parameters. The most important of
these parameters are tabulated in Ref. [2] for different types of planar composite wall. Two parameters
are of particular importance: the decrement factor and the thermal admittance. The first of these can be
used to evaluate (2.7) and the second can be used to evaluate (3.3). Consequently, we can evaluate g ner.
In addition, there is a third parameter, the surface factor, that can be used determine the effect of solar
gain on the temperature in a building. We shall present worked examples to show how each dynamic
thermal parameter is calculated.

11
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5 Periodic thermal transmittance

We can rewrite (2.7) as:
Apo - .
q;(t) =Im [Z— e""t] = Agolm[X e/®t]  (5.1)
2
where the complex constant X, is

1
X.=— (5.2)
Zy

The complex constant X, can be written in the modulus-argument (amplitude-phase) form:
X, = X le/x0  (53)

where

Xl = VRe(X)? + Im(X)2 (5.4
is the modulus or amplitude of X, and

Im(X,)
Re(X,)

Arg(X.) = atan [ (5.5)

is the argument or phase of X..
Substituting (5.3) into (5.1) gives

qi(t) = Agolm[| X[/l +AE]  (5.6)
The terms |X¢| and Arg(X.) in (5.6) have special names. |Xc| is known as the periodic thermal
transmittance and is denoted by X. Arg(X.) is known as the periodic thermal transmittance time lag
and is denoted by A. The parameter A is a time /ag, so it will be negative. In tables of dynamic thermal

parameters A is given as a positive number, so we must place a negative sign in front of it in (5.6). Thus

qi(t) = AgoIm[Xe/l0t=A] = XA, sin(wt — 1) (5.7)

13
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6 Example 1

(a) For the composite wall with boundary layers in Ref. [1], determine the periodic thermal
transmittance and the periodic thermal transmittance time lag. (b) The sol-air temperature is cyclic with
a mean of 0°C and an amplitude of 5°C. The environmental temperature is constant at 0°C. Plot the sol-
air temperature 6,(t) and the inside heat flux q;(t) against time.

(a) For the composite wall in Ref. [1], the transmittance matrix is

[21 zz]_ (—6.31935 + j1.46011) (—4.58586+j5.36354)] 61)
73 74l |(—47.0447 — j15.6345) (—51.4265 + j16.7011) '

and the inverse transmission matrix is

[Zl Zz] _ [(—51.4321 +j16.6913) (4.58715 — j5.36282) ] (6.2)
Zy Zy] | (47.0435+ j15.6448) (—6.31991 + j1.45887) '

The complex constant X. [W m~2 K-1] required in the periodic thermal transmittance is defined by Eq.
(5.2):

X_l
C_Z2

Substituting z; from (6.1) gives

1

Xe = 458586 +5.36354)

B (—4.58586 — j5.36354)
~ (—4.58586 + j5.36354)(—4.58586 — j5.36354)

_ —4.58586 — j5.36354
~ 4.585862 — j25.363542

_ —4.58586 — j5.36354
- 49.7977

= —0.09209 —;0.10771

The complex constant X. can be represented in the complex plane as shown in Figure 3. The amplitude
of Xcis

Amplitude = \/Re2 +Im? = \/(—0.09209)2 + (—-0.10771)%? = 0.14171
The phase of a complex number is measured anticlockwise from the positive Real axis. We know the
heat flux variation on the inside surface of the wall will lag the temperature variation on the outside
surface, so the phase of the heat flux variation will be negative relative to the temperature variation.

Measuring the phase in the clockwise (negative) direction from the positive Real axis gives

Phase = —2.2782 rad (= —130.5°)

15
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Figure 3 Amplitude and phase of X,

0.2-
Im
0.1-
+ve Phase
Re = —0.09209
I L T 1
-0.2 —-0.1 0.1 N 0.2
A = )
> 5 _“Phase = —2.2782 rad (= —130.5°)
Q’// —0.117‘?
,@b I
J&Q\ E
S
—0.2-

We can now write X, as
X, = 0.14171[cos(—2.2782) + j sin(—2.2782)]
= 0.14171e/22782
Thus the amplitude X is 0.14171 [W m~2 K-1] and the phase is —2.2782 rad and represents a time /ag.
In tables the periodic thermal transmittance time lag A is given as a positive value, so it will be

2.2782 rad.

In terms of hours, the periodic thermal transmittance time lag A is

24
A= o X 2.2782 = 8.7021 hr (8 hr 42 min)
The indoor heat flux is given by (5.7):
q:(t) = XA,, sin(wt — 1)
=0.14171 x 5 X sin(wt — 1)

= 0.70855 sin(wt — 1) [Wm™2]

16
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(b) Figure 4 shows the sol-air temperature 8.,(t) and the heat flux q;(t) against time. A,, = 5°C is the
amplitude of the sol-air temperature and §; = XA,, = 0.70855 Wm™2 is the amplitude of the heat
flux.
For thin structures with very little thermal capacity A tends to zero and (5.7) becomes

qi(t) = XA sin(wt) = XBeo ®)
At any instant g;(t) is directly proportional to e.(t), as in steady-state thermal conduction. It follows

that the constant of proportionality X must be equal to the steady thermal transmittance U.

Figure 4 lllustration of the periodic thermal transmittance

t [hr] 36
-1 q;(t) = X4,, sin(wt — 1)
-2 A = 8 hr 42 min
-3
—4
-5

17
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7 Decrement factor

The decrement factor is similar in concept to the periodic thermal transmittance. We can rewrite (2.7)
as:

Aco . X, .
g;(t) =Im [% elwt] = Agolm[X /%] = A,,Ulm [FC elwt] (7.1)
2

where U is the steady thermal transmittance. The complex constant X, is just the same as that in the
periodic thermal transmittance:

1
Xe=— (7.2)
Z3

and we can write X, in modulus-argument form just as before:
Xe = |X|e/AreXe)  (7.3)

where

IX,| = VRe(X)? + Im(X,)2 (7.4)
and

Im(X,)
Re(X,)

Arg(X.) = atan [ (7.5)

Substituting (7.3) into (7.1) gives
Xl itwt+argxol
qi(t) = A, Ulm 7 e’ 8lde (7.6)

The terms |X¢|/U and Arg(X.) in (7.6) have special names. |Xc|/U is known as the decrement factor
and is denoted by f. Arg(X.) is known as the decrement factor time lag and is denoted by ¢. (Note that
the decrement factor time lag ¢ is the same as the periodic thermal transmittance time lag A.)

The parameter ¢ is a time /ag (the peak in q;(t) lags the peak in 8.0(t)), so ¢ should always be negative.
In tables of dynamic thermal parameters, the decrement factor time lag is given as a positive number,

so we must place a negative sign in front of it in (7.6). Thus

qi(t) = AgoUlm|[fe/lot=¢1] = UfA,, sin(wt — ¢)  (7.7)

19
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8 Example 2

For the composite wall with boundary layers in Ref. [1], determine the decrement factor and the
decrement factor time lag.

We calculated the complex constant X, required in the decrement factor in Example 1:
X [Wm™2K™1] = | X |e/A8Xe) = 014171 /22782
We calculated steady thermal transmittance required in the decrement factor in Ref. [1]:
U=0.58631 Wm-2K-1
The decrement factor f [ ] is therefore

X 0.14171

U~ 058631 V4170

f:

The decrement factor time lag ¢ is the same as the periodic thermal transmittance time lag A. In terms
of hours ¢ is

¢ =1 =28.7021 hr (8 hr 42 min)
For thin structures with very little thermal capacity A tends to zero and (7.7) becomes
q;(t) = UfAeo sin(wt) = Ufbe,(t)
At any instant q;(t) is directly proportional to 8..(t), as in steady-state thermal conduction. It follows

that the constant of proportionality Uf must be equal to the steady thermal transmittance U and
consequently f must be equal to 1.

21
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9 Thermal admittance

The instantaneous heat flux qi(t) at the inside of a composite wall due to a sinusoidally varying
environmental temperature 8.i(t) with amplitude A.; and angular frequency w is given by (3.3):

Zy
g:(t) = Im [Aei—el“’t] (3.3)
Z,

where Z; and Z, are elements of the inverse transmission matrix. We define the complex constant Y. as

The negative sign has the effect of subtracting m radians from the phase of Zi/Z,. For diurnal
temperature variations, 7 radians is equivalent to 12 hours.

If we substitute Y. rather than Z4/Z> into (3.3) then we will find that the phase lead of qi(t) in relation
to Bei(t) is reduced by 12 hours. The phase lead will become the time difference between the peak
negative heat flux and the peak positive temperature, rather than the time difference between the peak
positive heat flux and the peak positive temperature. Substituting Y. rather than Z4/Z; into (3.3) appears
logical because a positive environmental temperature is associated with a negative heat flux (a heat flux
in the negative x direction).

The complex constant Y. can be written in the modulus-argument form:
Y, = |V |e/Aree)  (9.2)
The terms |Y| and Arg(Y.) in (9.2) have special names. |Y| is known as the thermal admittance and is
denoted by Y. Arg(Y.) is known as the thermal admittance time lead and is denoted by ¢. Substituting
(9.2) into (3.3) gives
q;(t) = Im[A,;Y,e/°t] = Im[A, Vel e]] = 4, Y sin(wt + @) (9.3)

Note that this heat flux makes a negative contribution to the net heat flux qine:(t) because the time lead
is the time between the peak negative heat flux and the peak environmental temperature.

23
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10 Example 3

For the composite wall with boundary layers in Ref. [1], determine the thermal admittance and the
thermal admittance time lead.

The complex constant Y. required in the thermal admittance is defined by (9.1):

The elements of the inverse transmission matrix Z; and Z4 were given in Example 1. Substituting gives

_ (—6.31991 + j1.45887)
¢~ (4.58715 — j5.36282)

_ (~6.31991 + j1.45887)(4.58715 + j5.36282)
T (4.58715 — j5.36282)(4.58715 + j5.36282)

—28.99037 — j33.89254 + j6.69205 + j27.82366
4.587152 + 5.362822

—36.81403 — j27.20049
49.80178

= 0.73921 + j0.54617
= 0.91909[c0s(0.63633) + j sin(0.63633)]
= (0.91909¢/0:63633

Thus the modulus |Y¢| is 0.91909 [W m~2 K-1] and the argument ¢ is 0.63633 rad. Note that ¢ is
positive and represents a time /ead.

The admittance Y [W m~2 K-1] is the modulus of Y. so Y is 0.91909 W m~-2 K-1.

In terms of hours, the thermal admittance time lead ¢ is

24
A= P % 0.63633 = 2.4036 hr (2 hr 26 min)

The peak heat flux into the wall occurs 2 hr 26 min before the peak environmental temperature.

25
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11 Solar gain

11.1 Heat flow model

Solar radiation passing through windows will impinge on the inside surfaces of the walls. Some of the
radiation will be absorbed and some will be reflected. The reflected radiation will impinge on other
surfaces and, again, some will be absorbed and some will be reflected. Eventually, all of the solar
radiation will be absorbed.

The absorbed radiation will heat up the walls. Some of the heat will pass through the walls to the outside
and some will pass into the air adjacent to the walls by natural convection. Ref. [3] recommends a
simple model to estimate the heat flux into the building and contributing to the net heat flux
iner(t) [W m~2].

We shall denote the radiative flux impinging on the wall by gs4(t) [W m~2], the heat flux released to
the air by q:(t) [W m~2], and the heat flux passing through the wall by q.(t) [W m~2], and we shall
assume that the sizes of the fluxes qi(t), and q.(t) are inversely proportional the impedence to each
flux. For q.(t) the impedence is equal to the impedence of the wall and boundary layers minus the
impedence of the inner boundary layer, Z—Z. For qi(t) the impedence is due to the inner boundary
layer, Zs;. Thus

qo(t) _ QSg(t) —q;(t) _ Zsi
q:(t) q:(t) Z—Zg

We can rearrange this equation as follows:
_ Zs
) =(1- A s (0)

The impedence is the reciprocal of the admittance. For the wall the admittance is Y. if we ignore the
fact that Y. includes the inner boundary. For the inner boundary layer the impedence is simply the
thermal resistance of the boundary layer Ry; = 1/ A;. Thus,

qi(t) = (1 - RSiYC)ng(t) (111)

11.2 Surface factor
The complex constant in (11.1) is denoted by F. [ ]:
F.=1-RgY. (11.2)

where Rs; [m2 K W-1] is the convective surface resistance of the inside surface.

27
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The complex constant F. can be written in the modulus-argument form:
F. = |E.|e/Are(Fd)  (11.3)

where

|F.| = yRe(F)? + Im(F,)?  (11.4)
is the modulus or amplitude of F and

Im(F;)
Re(F,)

Arg(F.) = atan[ (11.5)

The terms |F¢| and Arg(F.) in (11.3) have special names. |Fc| is known as the surface factor and is
denoted by F. Arg(F.) is known as the surface factor time lag and is denoted by 1.

The parameter 1 is a time lag (the peak in g;(t) lags the peak in gs4(t)) so Y should always be negative.
In tables of dynamic thermall parmeters, the surface factor time lag is given as a positive number, so
we must place a negative sign in front of it in (11.3). Thus
E[]=Fe ¥ (11.6)
The time-varying solar gain is
qsg(0) = Agy sin(wt) = Im(A;5e/*")  (11.7)

where Asg [W m~2] is the amplitude of the solar-gain. The heat flux q:(t) [W m~2] is

q;(t) = Im[F.As5e/®t] = Im[Fe /¥ A  e/%t] = A, F sin(wt —¢)  (11.8)

28
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12 Example 4

For the composite wall with boundary layers in Ref. [1], calculate the surface factor F and the associated
time lag 1.

The complex constant F. [ ] is defined by Eqn. (11.2):
F. =1-RgY,
where Rs; [m2 K W-1] is the convective surface resistance of the inside surface.

For the brick wall the convection heat transfer coefficient of the inside surface A;is 7.7 W m—2 K-1, so

1
Ry =—=-——=0.12987m? KW™!
h, 7.7

and the complex constant F is
F. =1-0.12987(0.73921 + j0.54617)
=1-0.096001 —;0.070931
= 0.903999 — j0.070931
= 0.9068¢/0-07830
The surface factor F [ ] is the modulus of F:
F = |F,| = 0.9068

The time lag i [hr] of F¢ is 24 hr/2m rad times the argument [rad] of F:

24
Y = o % 0.07830 = 0.2991 hr (18 min)

29
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13 Example 5

The composite wall in Example 1 is subjected to the sinusoidal thermal conditions shown in Table 1.
Use the dynamic thermal parameters calculated in Examples 2, 3 and 4 to determine the time varying

net heat flux from the indoor side to the occupied space.

THEORY GUIDE

Table 1 Thermal conditions applied to the composite wall with boundary layers

Thermal condition Mean Amplitude Time of +ve peak
Sol-air temperature 0°C 9°C 15:00 hr
Environmental temperature 0°C 4°C 12:00 hr
Solar gain 0 Wm~—2 6 Wm—2 14:00 hr

Table 2 gives the dynamic thermal parameters calculated in Examples 2, 3 and 4.

Table 2 Dynamic thermal parameters for the composite wall with boundary layers

Decrement Decrement Thermal Thermal admittance Surface Surface factor
factor factor time lag admittance time lead factor time lag
fll ¢ [hr] Y [Wm-2K-1] A [hr] F[] @ [hr]

0.24170 8.7021 0.91909 2.4036 0.9068 0.2991

From Example 2, the steady thermal transmittance U is 0.58631 W m~2 K-1,

Decrement factor and decrement factor time lag

The heat flux on the indoor side due to the sinusoidal variation in sol-air temperature is given by
equation (7.7):

qi(t) = ApoUlm|[fe/lot=075T=01] = y A, sin(wt — 0.757 — ¢)

where Ae, is the amplitude of the sol-air temperature, U is the steady thermal transmittance of the wall,
f is the decrement factor, and ¢ is the decrement factor time lag in radians. The peak in sol-air
temperature occurs at 15:00 hr, so we have subtracted (15:00 — 6:00)x2mw/24 from the argument of
the sine function. The sol-air temperature variation is diurnal so the angular frequency w is 2m/86400
rad s—!. The decrement factor time lag ¢ expressed in radians is

2m
— = 2.2782rad

=8.7021 X — =
¢ 24

Substituting the values of the parameters into (7.7) gives

2mt
q;(t) = 0.58631 x 0.24170 X 9 sin(

86400 0.75m — 2.2782)

= 1.27545sin(7.2722 x 1075t — 0.75m — 2.2782)  (13.1)

31



ATKINSON SCIENCE LIMITED THEORY GUIDE

Thermal admittance and thermal admittance time lead

The heat flux on the indoor side due to the sinusoidal variation in environmental temperature is given
by equation (9.3):

qi(t) = Ag;Y sin(wt — 0.5m + @)

where Ae; is the amplitude of the environmental temperature, Y is the thermal admittance, and ¢ is the
thermal admittance time lead in radians. The peak in environmental temperature occurs at 12:00 hr, so
we have subtracted (12:00 — 6:00)x2m/24 from the argument of the sine function. The thermal
admittance time lead ¢ expressed in radians is

2T
@ = 24036 X >4 = 0.62926 rad

Substituting the values of the parameters into (9.3) gives

2mt
86400

qi(t) =4x0.91909 sin( —0.57 + 0.62926)

= 3.67645sin(7.2722 x 1075t — 0.57 + 0.62926)  (13.2)

Note that this heat flux makes a negative contribution to the net heat flux gin.:(t) because the time lead
is the time between the peak negative heat flux and the peak environmental temperature.

Surface factor and surface factor time lag

The heat flux on the indoor side due to the sinusoidal variation in the solar gain is given by equation
(11.8):

qi(t) = AgyF sin(wt — 2m/3 — )

where Asg [W m~2] is the amplitude of the solar-gain, F is the surface factor, and i is the surface factor
time lag. The peak in solar gain occurs at 14:00 hr, so we have subtracted (14:00 — 6:00)x2m/24
from the argument of the sine function. The surface factor time lag 1 expressed in radians is

21
@ =0.2991 x >4 = 0.07830 rad

Substituting the values of the parameters into (11.8) gives

2mt
qi(t) = 6x0.9068 sin(

36400 2n/3 — 0.07830)

= 5.44085sin(7.2722 x 1075t — 2m/3 — 0.07830)  (13.3)
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Net heat flux

The net heat flux gine:(t) from the indoor side of the wall to the occupied space is obtained by summing
(13.1), (13.2) and (13.3), remembering that (13.2) makes a negative contribution:

Qinec(t) = 1.27545sin(7.2722 x 1075t — 0.757 — 2.2782)
—3.6764sin(7.2722 x 1075t — 0.57 + 0.62926)
+5.44085sin(7.2722 X 107t — 2m/3 — 0.07830)  (13.4)
Figure 5 shows the sinusoidal variation of the sol-air temperature and the environmental temperature.
Figure 6 shows the heat fluxes generated on the indoor side of the wall by the sol-air temperature, the

environmental temperature and the solar gain.

The positive peak in the sol-air temperature occurs at 15:00 hr. In Figure 6 we can see that the peak in
the heat flux due to the sol-air temperature occurs 8 hr 42 min later.

The positive peak in the environmental temperature occurs at 12:00 hr. In Figure 6 we can see that the
negative peak in the heat flux due to the environmental temperature occurs 2 hr 24 min earlier.

The positive peak in the solar gain occurs at 14:00 hr. The positive peak in the heat flux due to the
solar gain occurs 18 min later.

Finally, we can see that the positive peak in the net heat flux occurs at 17 hr 48 min.
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Figure 5 Sol-air and environmental temperatures
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14 Heat capacity per unit area

The instantaneous heat flux through the inside surface of a wall q;(t) due to an oscillating environmental
temperature is 8¢;(t) given by (3.3):

Zy
g:(t) = Im [Aei—ef“’t] (3.3)
Z,

The instantaneous heat flux through the outside surface qo(t) due to an oscillating environmental
temperature is 6.:(t) given by (3.4):

4.(t) = Im [‘;—Z"efwf] (3.4)

Subtracting the complex constants in (3.3) and (3.4) from each other and taking the modulus provides
a measure of the thermal storage capacity of the wall per unit area. The heat capacity per unit area
x [] K-t m~2] is defined by

_P‘
X_Zrc

Z,—1
Zy

‘ (14.1)

where P [s] is the period of the temperature cycle.
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15 Example 6

For the composite wall with boundary layers in Example 1, calculate the heat capacity per unit area y.

The heat capacity per unit area y is given by (14.1):

P |Z4—1|

Y=ol 2,

_ 86400 |—6.31991 +j1.45887 — 1|
- 2m 458715 — j5.36282

_ 86400 —7.31991 + j1.45887
~ 2m | 458715 — j5.36282

(=7.31991 + j1.45887)(4.58715 + j5.36282)
(4.58715 — j5.36282)(4.58715 + j5.36282)

_ 86400
27

_ 86400 |—33.5775 —j39.2554 + j6.69206 — 7.82366|
27 4587152 + 5.362822

_ 86400 |—41.4012 —j32.5633|

2m 49.8018
86400
= |—-0.83132 — j0.65386
27
86400 .
= ———|1.05765¢7/090164|
2m
86400
= ———x 105765 = 14544 K~' m~*

= 14.544 k] K™ m™2
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16 Dynamic thermal parameters of typical wall constructions

This series of theory guides has explained the admittance method and shown how it is used to calculate
some important dynamic thermal parameters of a planar composite wall. The decrement factor and its
time lag, the thermal admittance and its time lead, and the surface factor and its time lag are required in
the CIBSE cyclic model, which calculates the heat flows into and out of an occupied space during the
course of a day. CIBSE have tabulated the values of the dynamic thermal parameters for different types
of walls, roofs, ceilings and floors — see Ref. [2]. BSI also provide values — see Ref. [3]. If representative
values of the parameters cannot be found in tables then they can be calculated using the methods in
these theory guides.
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