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1 General vector form of the momentum equations
The momentum equations can be written in the general vector form:

v _ [6V+(v V|=-vP+Vo+pg (11)
Plar ~ Plae e "o T PE '

Where p is the density, V is the velocity vector, P is the pressure, u is the dynamic viscosity and g is
the acceleration due to gravity.

The term dV /dt is the material derivative, V is the vector differential operator, and o is the stress tensor
0ij.

Equation (1.1) is the starting point for expressing the momentum equations in terms of cylindrical
coordinates. In the next section we shall describe some of the mathematics of the vector differential
operator V in cylindrical coordinates. We shall use this mathematics to convert (1.1) into the momentum
equations in terms of cylindrical coordinates. More information on the mathematics can be found in
Refs. [1] and [2].
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2 Mathematics of the vector differential operator

2.1 Divergence of a vector in cylindrical coordinates

In cylindrical coordinates, we define the unit vectors e, €9 and e, in the radial, circumferential and axial
directions, respectively. The unit vectors e, and eg are not constant but vary with 8. We can write the
following relations:

de,

% = €p (2.1)
and

689 _ (2 2)

30 = —€, .

The vector differential operator V in cylindrical coordinates is

Jd egd
+—2—te

Voe— =
Cror T o0 %%z

(2.3)

We write a vector V in cylindrical coordinates as
V=v.e +vgeg+ve, (2.4)
where vr, vg and v, are the components in the directions of the unit vectors er, es and e,, respectively.

The divergence of a vector V in cylindrical coordinates is

d ed 0
V.V= (erg + 7% +e, %) .(vrer +vgeg +ve,)  (2.5)

When we evaluate (2.5), we cannot assume that the unit vectors e, and ey are constants. We obtain

0
V.v= era(vrer + vgeq + v €,)
€g d
+ ?% (vye, + vgeg + v,e,)

€5, (vre, + vgeg + v,e,)

or

a(vrer) + a(veee) + a(Uzez)

V.V=e, pw e, p e, p

€g a(vrer) €g 0(17969) €g a(17zez)

r 00 r a0 r 00

a(vrer)+e a(”eee)_l_e a(VZez)
Z 0z Z 9z Z 0z
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or

v.V= av, N de, N dvg 4 deg 4 av, 4 de,
V=e .e,o-tev,—-te .ego—te vy te e, ot e,

eg.e. 0V, egv.0e, eg.eg0dvg egvgdeyg eg.e,0v, egv,de,
r 00 r 00 r 00 r 00 r 00 r 06

av de dvy deg av. de,

T T z
+e, 'eTE+ ezvrg+ez .e95+ezv9¥+ez .ezg+ezvzg (2.6)

The products e, . e, €. €9 and e, . e, are all equal to 1, and the products e, . eg, €. €, €9. €, €9. €,
e.. e, €. e are all equal to zero. Apart from (2.1) and (2.2) the derivatives of the unit vectors are all
equal to zero. Consequently, (2.6) becomes

av,
V.V=—-4+0+0+0+0+0
or
€g Uy 161]9 €9 Vg

+0+

r €p ;%+T(—er)+0+0

av,
+0+0 +0+0+——=+0
0z

or
_ 0y v 10vg  0v,
VY=t e Tz
or
10 10v, @
V.V=o— (TU,«) - Vg Uy (27)

r or r%-l_az

2.2 Gradient of a scalar in cylindrical coordinates

The gradient of a scaler P in cylindrical coordinates is

VP ( L9, a)P
Cror T o0 %%
0P  eq0P 0P 29
ror o0 %29z '
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2.3 Divergence of a second-order tensor in cylindrical coordinates

The divergence of a second-order tensor ¢ =[a;;] in cylindrical coordinates is

00,y doyg 90,,
V.o= e
o o e+ o e9+6r e, +
1 60'9 1 60'99 1 00'9
to g Tor 099] er +F[ g oot “GT] €6 +F[ 30

do. do. do
zr e z0 + zz

9z T oz S0, &2 (29)

(see Section 3 of Ref. [2]).

+ O'rz] €,
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3 Material derivative in cylindrical coordinates

In a cylindrical coordinate system, the material derivative in the vector form of the momentum
equations (1.1) is

av d
I = g (rer tvees T vs€;)
_dWye) | dweeq)  d(ve,)
dt dt dt
= er%+w%+eg%+v@%+ez%+%% 3.1)

Equations (2.1) and (2.2) can be arranged as follows:

de, =egdf (3.2)

deg = —e,d8 (3.3)
Also, we have

de,=0 (34)

Substituting (3.2), (3.3) and (3.4) into (3.1) gives

or

av (dvr d6)+ (dv9+ d6)+ dv, (3.5)
at  orar “Year) T8\ ar TVrar) T ar '

The term d8/dt is the angular velocity w, so we can write (3.5) as

av dv,
e

)+ (m@+ )+ W 36
i T VoW eg X0 e, T (3.

dt

The angular velocity w is vs/r, so we can write (3.6) as

av dv, v} dvg v,vg dv,
E“*(E‘?)*‘*(W*—r )regs G

11
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We can now consider the individual vector components in (3.7).

Radial component of material derivative

The radial component of the material derivative is

dv, v}
a GO

If we apply the chain rule to dv,/dt then we obtain

dv, 0Ovpdr N dv, do 4 dv,dz 4 dv,. dt
dt ~ or dt 986 dt 9z dt ot dt

v, vgdv, v, 0v,
=V ——t——— VUt —
ar r 00 0z 0t
Hence, the radial component of the material derivative is

dv, v} v,  vg OV, ov, v, v}
— =V, — — —_— - 3.9
@ 7 e tree et Ty B9

Circumferential component of material derivative

The circumferential component of the material derivative is

dvg v,vg
—+

3.10
If we apply the chain rule to dve/dt then we obtain

dvg Ovgdr N dvg do N dvg dz N dvg dt
dt ~ or dt 096 dt 9z dt 0Ot dt

0179 179 6179 6‘179 0179
v Y0 T T o

Hence, the circumferential component of the material derivative is

dvg 1,9 dvg Vg 0vyg dvg 0vg 1v,vg
=V +— + v, +
dt r dr r 06 0z Jt r

12
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Axial component of material derivative

The axial component of the material derivative is

av; (3.12)
dt '

If we apply the chain rule to dv,/dt then we obtain

dv, 0v,dr N dv, do N v, dz N dv, dt
dt  or dt 00 dt 9z dt ot dt

dv, vgdv, dv, OJv,

"or r 08 “0z ot
Hence, the axial component of the material derivative is

dv, v, vgdv, dv, OJv,
oy L4 Zyy 242 (313
at Vo trae e o G

13
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4 Pressure gradient terms

The pressure gradient term —VP in (1.1) can be written in its individual 7, 8 and z components using
equation (2.8):

0P egdP 0P
€ror T 00 " %20z

r component

oP
or
6 component
10P
r 06
Z component
opP
0z

15
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5 Viscous diffusion terms

In a cylindrical coordinate system the components of the strain rate tensor

€r €rg €rz
e=\|€r €pg €oz
€zr €z €zz

arc

10vg v,
= —— 4 —
€06 r 00 T

av,
€zz = 97

1 (1 av, 4 dvg ve)
r 00 or T

€rog = €rg = E

€rz = €zr = E

az+6r

1 <6vr HUZ)

1/10v, 0dvg
cor =0 =3 (735 + 57)

In a cylindrical coordinate system the stresses are related to the rates of strain in the fluid by the
following equations:

av,
Opr = 2U€pr +AV..V=2u—4+ V.V

ar
= 2uiegy + AV .V =2 (1av9+w)+/wv
Ogg = 4Uegg V=2l r o0 "7 :

dav,
Oyy = 2uezz+AV.V=2uE+AV.V

10v, 0dvg ve)
r 060 or T

Org = Ogr = 2U€rg = H(

dv, avz)

Orz = Ogr = 2U€p; = [ (E or

10v, 6179)

Oz = Oz = 2ll€g, = H(; 30 +¥

(see, for example, Ref. [3]).

17
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In these equations u is the shear viscosity or first viscosity and A is the volume viscosity or bulk viscosity.
The second viscosity { is defined by

=1+ 2
{=A+zu
The second viscosity ¢ is often assumed to be zero, making the volume viscosity A equal to —2u/3.

The viscous diffusion terms in (1.1) are the divergence of a second-rank tensor, V. 6. From (2.9) we
have

_ 00y d0,¢ do,,
V.o= ar r ar 9+ ar ez+
1 aO'Qr 100 60'92
;—69 +O' 0'99:|er+ [69 +0r9+09r]e9+ 89 +arz]ez
do. da,g do
aj e, 8; e + G;Z e, (29

If we substitute the stress relations above into (2.9) and separate the vector components, we obtain

r component

9 [2 r | v v]
#ar )

ar
+16 (16vr+av9 v9>+12 avT+AVV 12 (16v9+ ) V.V
rae[”rae or r] r['u(')r ] r[”rae ]
dv,. 0v,
(E*W)

This simplifies to

9 [2 r | v V]
or H or )
10 10v, 0dvg vy 2;1 v, 10vg v, <6vr HUZ)
+;%[ & ae*W‘T)] [ ‘;%‘7] 2z ") OV

6 component

(6 +0179 179)
ar[“ 20 ' or r]

16179 le 18Ur av@ Vg
[Zﬂ(r a0 T )”‘7 V]+—[;ﬁ+7‘7

N d (1 av, 4 6179) 5 5
az[“rae az] (5:2)

18
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Z component

dv,. 0v,
or [,u ( + ar )]
1dv, Jdvg urov, 0v,
7ﬁeVQae £l R e

+ 2 [2 0 4 v v]
0z #62 '

This simplifies to

ror H

16[ (avr avz)] 10 (16172 dvg

2z T ar )l Trael*\7 90 T oz

19
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_)] +%[2y%+AV.V] (5.3)
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6 Gravity force terms

The gravity force term pg in (1.1) can be written in terms of its individual r, 8 and z components as
follows:

= p[ergr t+egpge + ezgz] (6.1)

r component

PYGr
6 component

PYs
Z component

PYz

21
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7 Momentum equations in cylindrical coordinates

We now write the momentum equations for the individual r, 8 and z coordinate directions by gathering
together the information on the components along each coordinate direction from the previous sections.

r component

dvr v,  vg dv, ov, v, v} 0P av,

@ T [”TW+T%+”ZE+E 717 ar[“ +v.v|
10 10v, Jdvg vy 2;1 v, 10vg v, <6vr avz)
+?%[“(¥%+W—T)] ar e (G e ree 0D

6 component

dvg v,vg dvg vy dvg dvg 0dvg v,y 10P
ol =l ==

dt 1 Vror T a0 te ey T Yo YY)

(1(3Ur+6v9 ve) ) (16v9+ ) LAV
ar[”rae P ] rae[“ 96 ' ]

2;1 1dv, 6179 Vg d (16172 6179)
[r 89 or ] E[# r 06 + d ]+pge (7.2)

z component

Pl ar Y790 T2 9z T

dv, [ dv, vgdv, av, avz] (3P+16[ (6vr 6172)]
p dt dz ror H dz  Or

10 [ (16172 6179)

s Tl ] az[z“a ]*sz (7:3)

In cylindrical coordinates the continuity equation is

dp  10(rpv,)  10(pvg)  9(pvy)
atr T 7 e oz

=0 (74)

If we multiply the continuity equation by the velocity component vy, vs or v, and add the result to the
left-hand side of the corresponding momentum equation then we obtain

r component

15(7",017 ) 13(/)17917r) A(pv,vy)  0(pvy)  pv§ oP 0 vy

r or r 00 + 0z + at  r __§+E[Z#W+AV'V]

10 10v, Jdvg vy 2/1 v, 1dvg v, v, 0v,
e tar o Lo mrae (Gt 5 e 09

23
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6 component

la(rpvrvg)_}_la(pv )+a(.017z179) d(pve) L PV _ 10P

r or r 00 0z at r r 00
10v, Jdvg vy 10 10vg
ar[“(r 0t el et ) T AV

Zu[lavr dvg 179] 0[ (16172 Jdvg

o 71Tz *\ a8 T o

r 20 ' or >]+p99 (7.6)

Z component

la(rpvrvz)+1a(p179172)+a(p172) a(pvz) oP 10 [ (avr %)]

r or r a0 0z at _E-}_rar TH 0z + ar

10 [ (16172 6179)

+r69 r 00 ] 0z [2;1 0z ]+pgz 7.7)

This form of the momentum equation is often referred to as the conservative form.

24
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